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At Hejnice, Czech

31 January 2011



Introduction Decision property, rank argument and I<ω MI∗ and dominating real Reference Appendix1

Introduction

Decision property, rank argument and I<ω

MI∗ and dominating real

Reference

Appendix1



Introduction Decision property, rank argument and I<ω MI∗ and dominating real Reference Appendix1

Mathias-Prikry type and Laver-Prikry type forcings
Definition
Let I be an ideal on ω.
Mathias-Prikry type forcing

〈s, F〉 ∈ MI∗ if s ∈ [ω]<ω ∧ F ∈ I∗ ∧ s ∩ F = ∅

ordered by

〈s, F〉 ≤ 〈t ,G〉 if s ⊃ t ∧ F ⊂ G ∧ s \ t ⊂ G.

Laver-Prikry type forcing

T ∈ LI∗ if T ⊂ ωω is tree ∧ ∃s ∈ T(∀t ∈ T(s ⊂ t ∨ t ⊂ s)

and ∀t ∈ T(s ⊂ t → SuccT(t) = {n ∈ ω : t^n ∈ T} ∈ I∗)),

where such s ∈ T is called stem of T , denoted stem(T).
LI∗ is ordered by inclusion.
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Mathias forcing and LF add a dominating real. It is depend on filter
F whetherMF adds a dominating real.

Theorem (Canjar)

1. IfU is either rapid ultrafilter or not a P-point ultrafilter, then
MU adds a dominating real.

2. If CH holds, there exists an ultrafilterU such thatMU doesn’t
add a dominating real.

Question
When doesMI∗ add dominating real?
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Decision property

Laver forcing L and Mathias forcing have decision property.

Theorem

1. For every sentence φ of forcing language, for every T ∈ L
there exists S ≤ T with stem(S) = stem(T) such that

S L φ or S L ¬φ.

2. For every sentence φ of forcing language, for every
〈s,A〉 ∈ M, there exists infinite B ⊂ A such that

〈s,B〉 M φ or 〈s,B〉 M ¬φ.

The decision property doesn’t hold for Mathias-Prikry and
Laver-Prikry type forcing in general.
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I<ω

When we use LI∗ , rank argument is important. But we can’t define
rank forMI∗ in general. When we useMI∗ , I<ω is significant.

For an ideal I on ω,

I<ω = {A ⊂ [ω]<ω \ {∅} : ∃I ∈ I∀a ∈ A(a ∩ I , ∅)}.

Then I<ω is an ideal on [ω]<ω \ {∅}.
Theorem
For every sentence φ of forcing language, for s ∈ [ω]<ω define

Xs = {t ∈ [ω\s]<ω : ∃F ∈ I∗ ((s ∪ t) ∩ F = ∅ ∧ 〈s ∪ t , F〉  φ)}

Then if Xs ∈ (I<ω)+, for every F ∈ I∗ with s ∩ F = ∅, there exists
〈s ∪ t ,G〉 ≤ 〈s, F〉 such that 〈s ∪ t ,G〉 MI∗ φ.
If Xs ∈ I<ω, for every F ∈ I∗ with s ∩ F = ∅, there exists
〈s ∪ t ,G〉 ≤ 〈s, F〉 such that 〈s ∪ t ,G〉 MI∗ ¬φ.
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MI ∗ and I<ω-positive set

Proof.

1. Suppose Xs ∈ (I<ω)+. Let F ∈ I∗ with s ∩ F = ∅. Then
[F]<ω ∩ Xs , ∅. Let t ∈ Xs ∩ [F]<ω. By definition of Xs , there
exists H ∈ I∗ such that 〈s ∪ t ,H〉  φ.

Since I∗ is filter, G = F ∩ H ∈ I∗. Since t ⊂ F ,
〈s ∪ t ,G〉 ≤ 〈s, F〉. So 〈s ∪ t ,G〉 ≤ 〈s, F〉 and 〈s ∪ t ,G〉  φ.

2. Suppose Xs ∈ I<ω.
Let I ∈ I such that ∀x ∈ Xs(x ∩ I , ∅). Let 〈s, F〉 ∈ MI∗ . Let
H = F \ I ∈ I∗. Then there exists 〈s ∪ t ,G〉 ≤ 〈s,H〉 such
that 〈s ∪ t ,G〉 decide φ. Since t ∩ I = ∅, t < Xs . Therefore
〈s ∪ t ,G〉  ¬φ.

�
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MI ∗ and dominating real

Theorem (Hrušák, Minami)
The following are equivalent.

1. MI∗ adds a dominating real.

2. I<ω is not P+ ideal.

Definition
J is P+-ideal if for every decreasing sequence {Xn : n ∈ ω} of
J -positive set, there exists X ∈ J+ such that X ⊂∗ Xn.
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Theorem (Hrušák, Minami)
The following are equivalent.

1. MI∗ adds a dominating real.

2. I<ω is not P+ ideal.

Proof. From (1) to (2).
Let ġ be aMI∗-name for a dominating real. For f ∈ ωω ∩ V , there
exists sf ∈ [ω]<ω, Ff ∈ I∗ and nf ∈ ω such that

〈sf , Ff〉  ∀n ≥ nf(f(n) ≤ ġ(n)).

Since cf(d) > ω, there exists s ∈ [ω]<ω and n ∈ ω such that

F = {f ∈ ωω : sf = s ∧ nf = n}

is a dominating family. Fix such s ∈ [ω]<ω and n ∈ ω.
Define

Xs = {t ∈ [ω \ max(s)]<ω :

∃F ∈ I∗∃m ≥ n (〈s ∪ t , F〉 decides ġ(m))}.
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Claim

Xs = {t ∈ [ω \ max(s)]<ω :

∃F ∈ I∗∃m ≥ n (〈s ∪ t , F〉 decides ġ(m))} ∈ (I<ω)+.

Let zt = {m ≥ n : ∃F ∈ I∗(〈s ∪ t , F〉 decides ġ(m))}.
Then define 〈kt , lt〉 ∈ ω × ω for t ∈ Xs by

kt =

{
max(zt) if |zt | < ω
min(zt \ max(t)) otherwise.

Choose lt ∈ ω so that there exists F ∈ I∗ so that
〈s ∪ t , F〉  ġ(kt) = lt .
Define H : Xs → ω × ω by H(t) = 〈kt , lt〉.
Claim
For every m ∈ ω, H−1[(ω \ m) × ω] ∈ (I<ω)+.
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Let K = {kt : t ∈ Xs}. Let {ki : i ∈ ω} be the increasing
enumeration of K . Define Li = {lt : ki = kt ∧ t ∈ Xs}.
Claim
∃∞i ∈ ω(|Li | = ω).
Proof
Assume to the contrary, ∀∞i ∈ ω(|Li | < ℵ0). Then we can define
h : ω → ω by

h(m) =


max(Li)
if there exists i ∈ ω such that m = ki and |Li | < ℵ0.

0
otherwise.



Introduction Decision property, rank argument and I<ω MI∗ and dominating real Reference Appendix1

Proof.
Since F is a dominating family, there exists f ∈ F and m0 > n
such that ∀m ≥ m0(h(m) ≤ f(m)).

However there exists t ∈ H−1[(ω \ m0) × ω] ∩ [Ff ]<ω since
H−1[(ω \ m0) × ω] ∈ (I<ω)+.
By definition of h, there exists H ∈ I∗ and kt ≥ m0 such that

〈s ∪ t ,H〉  ġ(kt) ≤ h(kt)(≤ f(kt)).

However 〈s, Ff〉  ∀m ≥ n(f(m) < ġ(m)) and 〈s, Ff〉 is
compatible with 〈s ∪ t ,H〉. It is contradiction.

�
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compatible with 〈s ∪ t ,H〉. It is contradiction.

�



Introduction Decision property, rank argument and I<ω MI∗ and dominating real Reference Appendix1

Proof.
Since F is a dominating family, there exists f ∈ F and m0 > n
such that ∀m ≥ m0(h(m) ≤ f(m)).
However there exists t ∈ H−1[(ω \ m0) × ω] ∩ [Ff ]<ω since
H−1[(ω \ m0) × ω] ∈ (I<ω)+.
By definition of h, there exists H ∈ I∗ and kt ≥ m0 such that
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Without loss of generality, we can assume for all i ∈ ω |Li | = ℵ0.
Let Ym = {H−1[

⋃
m≥i Li]} for m ≥ n. Then Ym+1 ⊂ Ym.

Claim
Ym ∈ (I<ω)+ for m ≥ n.
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Let Y ⊂∗ Ym for m ≥ n. We shall show Y ∈ I<ω.
Assume to the contrary that Y ∈ (I<ω)+. Define a function g from
ω to ω by

g(m) =


max{lt : ∃t ∈ Y(m = kt)}
if there exists t ∈ Y such that kt = m

0
otherwise.

Since F is a dominating family, ∃f ∈ F (g ≤∗ f). Let m0 ≥ n such
that g(m) ≤ f(m) for m ≥ m0. Since Y ⊂∗ Ym for m ≥ n, Ff ∈ I∗
and Y ∈ (I<ω)+, there exists m ≥ m0 and t ∈ Y ∩ Ym ∩ Ff . Since
t ∈ Y there exists F ∈ I∗ such that 〈s ∪ t , F〉  ġ(m) ≤ g(m).
However 〈s, Ff〉  “∀m ≥ n(f(m) < ġ(m))” and 〈s ∪ t , F〉 is
compatible with 〈s, Ff〉. It is contradiction. Therefore Y ∈ I<ω. So
I<ω is not P+-ideal.
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From (2) to (1). Let 〈Xn : n ∈ ω〉 be a decreasing sequence of
(I<ω)+ without pseudointersection in (I<ω)+. Let 〈ak : k ∈ ω〉
be an enumeration of [ω]<ω \ {∅}. Let ȧgen be aMI∗-name for
MI∗-generic real(⊂ ω). DefineMI∗-name ġ for a function from ω
to ω by

 ġ(n) = min{k : ak ⊂ [ȧgen]
<ω ∩ Xn∧

max(
⋃
{am : l < n ∧ m = ġ(l)}) < min(ak )}.

We shall show ġ be a dominating real. Let f ∈ ωω ∩ V and
〈s, F〉 ∈ MI∗ . Let

If = {ak ∈ [ω]<ω \ {∅} : ∃n ∈ ω(ak ∈ Xn ∧ k ≤ f(n))}.

Then If ⊂∗ Xn for every n ∈ ω. Therefore If ∈ I<ω by definition of
Xn. Let Î ∈ I such that ∀a ∈ If(a ∩ I , ∅). Then F \ I ∈ I∗ and
[F \ I]<ω ∩ If = ∅.
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<ω ∩ Xn∧

max(
⋃
{am : l < n ∧ m = ġ(l)}) < min(ak )}.
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Claim
Let 〈tn : n < α〉 be a sequence of finite subsets of ω so that

1. tn ∈ [s ∪ (F \ I)]<ω ∩ Xn

2. max(tn) < min(tn+1)

3. ∃k ∈ ω(tn = ak ∧ k ≤ f(n))

Then α ≤ |s|.

Proof of Claim.
If t ∈ [F \ I]<ω, then t = ak and t ∈ Xn implies k > f(n) by
[F \ I]<ω ∩ If = ∅. So by (2), α ≤ |s|. �

Put |s|=m. Then 〈s, F \ I〉 ≤ 〈s, F〉 and

〈s, F \ I〉  ∀n > m(f(n) < ġ(n)).
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ultrafilter case

Definition (Laflamme)
An ultrafilterU is strong P-point if for every ω-sequence of closed
subset Cn ⊂ U, there exists a partition of ω into finite intervals In
such that for any sets Bn ∈ Cn,⋃

n

(Bn ∩ In) ∈ U.

Theorem (Blass-Laflamme)
SupposeU is an ultrafilter. Then the following are equivalent.

1. U is a strong P-point.

2. U<ω is P+ filter.

3. MU doesn’t add a dominating real.
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Thank you!
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Appendix: Ultrafilter

Definition
LetU be a filter on ω.

1. U is selective ultrafilter if
∀f ∈ ωω∃U ∈ U(f � U is one-to-one or constant).

2. U is nowhere dense ultrafilter if
∀f : ω → 2ω∃U ∈ U(F[U] is nohere dense).

3. U is rapid if ∀f ∈ ωω∃U ∈ U(
∣∣∣U ∩ f(n)

∣∣∣ ≤ n).

4. U is P-point ultrafilter if
∀f ∈ ωω∃U ∈ U(f � U is finite-to-one or constant).
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